A Study of Multicomponent Adsorption
Equilibria by Liquid Chromatography

Equilibrium relations for the fructose-dextran-water system on silica

gel have been determined by a liquid chromatographic method. The
experimental procedure discussed provides a simple and straightfor-
ward means of determining adsorption equilibria. The ternary adsorption
equilibria, derived from chromatographic retention time measurements
of binary systems, are verified by the equilibrium theory developed by

Gluekauf (1949).

introduction

The conventional method of determining multicomponent ad-
sorption equilibria involves measuring the change in the bulk
phase composition in a batch system when a known quantity of a
fluid is equilibrated with a known quantity of a porous adsor-
bent. This batch material balance technique is experimentally
tedious and time consuming and, in certain concentration
ranges, is subject to large errors because the adsorbed phase
composition has to be determined by difference. Another tech-
nique, the chromatographic method, involves measuring the
retention time of a pulse of a solute injected into a steady stream
of a carrier flowing through a column packed with the appropri-
ate porous adsorbent. This method offers speed and simplicity
and, in some cases, improved accuracy. The application of the
chromatographic technique to the measurement of binary ad-
sorption cquilibria in both gas and liquid systems is fairly well
established (van der Vlist and van der Meijden, 1973; Ruthven
and Kumar, 1980; Hyun and Danner, 1982; Barker and Tha-
wait, 1984; Ruthven, 1986). This paper investigates the possibil-
ity of extending the method to the determination of equilibrium
relations for a ternary system.

Theory

A perturbation in concentration propagates through a chro-
matographic column with a wave velocity that is determined by
the equilibrium relation. In a constant-density binary liquid sys-
tem or an isobaric gas phase system, continuity considerations
show that only a single concentration wave will be observed and
the wave velocity will be the same regardless of which of the two
components is perturbed. The theory, which does not require the
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absence of mass transfer resistance or axial dispersion but only
that the column be long enough to contain several “theoretical
plates,” has been presented in detail by Ruthven and Kumar
(1980).

We consider a solute component, designated by subscript £, in
a solvent, designated by subscript s, which is competitively
adsorbed. The wave velocity and hence the retention time for a
small concentration pulse is given by:

ol v "
7 1 —¢
1+ )K,
€
where
dg} dq?
K- (1 —x ; 2
( xi) dc; X de, )

x; is the mass fraction of the solute in the fluid phase and dq}*/
de;, dq¥ /dc, are the local slopes of the equilibrium curve. If the
densities of the pore and fluid phases remain constant over the
small concentration change, which is equivalent to assuming no
net mass flux into or out of the porous adsorbent, we have:

dqt qdyt
— == 3
de; ¢ dx; (3)
dqf qd( —y*) dg? @
de, ¢d( - x) dc;
Substituting Eq. 4 in Eq. 2 yields:
dg}
K, = 5
" e, (5)
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The corresponding expressions for a variable-density system,
which are slightly more complex, are derived in the appendix. It
follows from Egs. 1 and 5 that measurement of the retention
time (or the wave velocity) yields directly the local slope of the
cquilibrium line which, subject to the constant-density approxi-
mation, is the same for both the solute and the solvent.

The simplest approach to the correlation of liquid phase equi-
librium data is to represent the equilibrium in terms of a concen-
tration-dependent distribution coeflicient:

*
Ko=T" gy oA
da¥*
Dok Alm 4 Dy er (6)
de;

When the curvature of the equilibrium line is not too great,
linear expressions of Eq. 6 (m, = 1) as used by Barker and Tha-
wait (1984) are adequate (but see Ruthven {1986] for a correc-
tion to their analysis). k, is the apparent Henry’s Jaw constant,
the slope of the equilibrium line at infinite dilution. It follows
immediately from Egs. 1, 5, and 6 that k;, 4,, and m, may easily
be determined from measurements of retention time over a
range of concentrations.

The situation is more complicated in a ternary mixture {com-
ponent | and component 2 in a solvent) since, although the
retention time is still given by Eq. 1 and K, subject to the con-
stant-density approximation is still given by dgf/dc; (Eq. 5).
the slope of the equilibrium curve is now a function of both ¢,
and ¢,. The behavior of systems of this type has been examined
by Glueckauf (1949), who showed that the wave velocities of the
two components are given by:

W =
| 1 — e) dg¥
e | dc
v
Wy o
g R N
e | de,
in which:
dq*, dqt  9qt dc, )
de, e, | d¢y de,
dg¥ dq¥ 0g% dc
9: _ %42 + 94: 4o (9)
de,  dc, dc, de,
The coherence condition requires w; = w,, whence:
@ﬁz @,8‘7?@,@:0 (10)
de, \dc, ac, de, | de,  Ocy

Equation 10 can be regarded as a quadratic defining dc,/dec,.
The two roots will give two different values of w, (or w,) accord-
ing to Eq. 7. These correspond to the velocities for an injected
pulse of component 1 or a pulse of component 2, which in a ter-
nary system are not the same. By measuring the retention time
over a range of compositions it is therefore possible, in principle,
to determine the partial gradients dq}/dc,, 8q%/dc,, dg¥/dc,,
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dq¥ /dc,, and hence to construct the equilibrium surfaces g¥(c,,
¢,) and ¢¥ (¢, ¢,), but a completely general approach along these
lines appears difficult. However, if we assume appropriate func-
tional forms for these surfaces, containing arbitrary constants,
we may determine these constants from the retention time data.
This is essentially the ternary extension of the procedure sug-
gested by van der Vlist and van der Meijden (1973).

The simplest representation of ternary equilibrium data (¢,
¢y, ;) 18, by direct extension of Eq. 6:

gt ” s

— =k + A;cT" + Byt an

Cl

q% s

T = /(2 + AZL’Z' + Bgl(‘l" (12)
2

If we now consider the ternary mixture (concentrations ¢y, ¢, ¢,)
subjected to a pulse of either solute, the wave velocity or reten-
tion time will be given by Eqs. 7-9 with dc¢, /de, given by Eq. 10.
The partial derivatives in Egs. 8-10 have the following forms:

aqf .
— =k, + A (m + 1) " + Byer” (13)
ey J e
aq¥ .
(i) = Bn”nz"xf(l el (14)
ac, /e,
dq}
——1 =ky+ Ay (my + 1) 5+ By 7 (15)
JCy fe,
6 *
<_qi) = Bzx”zlfzf(l"u b (16)
acl (5]

The ten constants (ky, A, By, my, 05, ks, Ay, By, my, 1)) may,
in principle, be evaluated from ten wave velocity measurements
at different compositions. However, a more convenient approach
is as follows. For a pulse of component 1 in a base solution of
component 2 (¢, = 0), Eq. 11 becomes:

dgf
dce,

— ky + Bjee

(17)

while for a pulse of component 2 in a base solution of component
! (¢, = 0) Eq. 12 becomes:

g%

Ky + By} (18)

5

Measurements carried out over a range of compositions thus
yield k,, By,, 145, ks, By, and n,, directly. The values of &, and k,
should of course coincide with the values from the binary sys-
tem. Measurements with the binary systems (pulses of compo-
nent 1 in a solution of component 1 and puises of component 2 in
a solution of component 2) and measurements with the pseudo-
binary systems (pulses of component 1 in a solution of compo-
nent 2 and pulses of component 2 in a solution of component 1)
thus yield all the parameters: ky, A}, By, my, ny5, ky, As, By, 1y,
and ;. The retention times for pulses of both components 1 and
2 in a solution containing both components (a ternary system)
can then be predicted from Eq. 7 with dg¥/dc, and dg % /dc, cal-
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Table 1. Details of Column and Porous Adsorbent
Column length, cm 13

Column diameter, cm 1.6

Porous adsorbent silica gel
Particle size, um 425-500
Mean pore diameter, A 37

Porosity 0.65
Specitic area, cm?/g 6.51 x 10°
Specific pore volume, cm?/g 0.806

culated from Eqgs. 8-10 and 13-16. A comparison with the mea-
sured retention times can then be made to test the validity of the
assumption that the constants derived from the binary data are
applicable to the ternary system.

Experimental Method

The method outlined above was used to investigate equilib-
rium in the system fructose-dextran-water (component 1-com-
ponent 2-solvent) on silica gel. The porous adsorbent was
purchased from Fluka Chemie AG. It was characterized by low-
temperature nitrogen adsorption, measured using a Quantasorb
instrument. Details of the physical properties are summarized in
Table 1. Dextran of mean molecular weight 6000, designated
T6, was obtained from the same source while dextran of mean
molecular weight 9400, designated T9, and fructose of standard
reagent grade were supplied by Sigma Chemical Company.

The chromatographic system utilized a Varian HPLC pump
to provide a steady flow of liquid through the column, which was
a standard Pharmacia jacketed glass column of dimensions
given in Table [, to a refractive index detector (Hewlett-Pack-
ard 1037A). The sample injection valve was a standard LC valve
(Rheodyne 7125) with a 200 uL sample loop. The millivolt sig-
nal from the detector was converted to digital form with the aid
of a Hewlett Packard 3497A data acquisition unit interfaced
with a microcomputer for data storage and processing. All
experiments were carried out under thermostatic conditions at
25°C. The column voidage was determined by injection of a
pulse of blue dextran, a very high molecular weight species that
will not penetrate the small pores of the gel particles.

Retention time measurements for the binary and pseudobi-
nary systems were performed as follows:

[. Puises of fructose, dextran T6, and dextran T9 were
injected into an eluent containing 0-0.38 g/cm’ fructose.

I1. Pulses of fructose, dextran T6, and dextran T9 were
injected into a solution containing 0-0.34 g/cm’ dextran T6.

I11. Pulses of fructose, dextran T6, and dextran T9 were
injected into a solution containing 0-0.25 g/cm’® dextran T9.

The injected pulse in the above three cases was a solution of
composition similar to the eluent but with a slightly higher con-
centration of fructose, dextran T6, or dextran T9. Similarly,
retention time measurements were performed for the three com-

ponents combined to form the ternary systems listed in Table 2.
The injected sample solution consisted of the eluent with an
increased concentration of fructose, dextran T6, or dextran T9.

The response curves were integrated numerically in order to
determine the first moments and hence the mean retention
times:

j;%tdz

[P S
fmcdt
0

The correction for dead volume was determined from a pulse
response measurement with the column removed from the sys-
tem and the injector connected directly to the detector.

(19)

Results and Discussion

The column voidage, ¢, was determined from retention time
measurements with blue dextran, a molecule too large to pene-
trate the pores of the adsorbent. The distribution coefficient K
for blue dextran is thus zero and Eq. 1 is reduced to:

(20)

The retention times were measured for blue dextran over a
range of eluent flow rates and plotted against L/u , as shown in
Figure 1. The slope of the linear plot yields e = 0.45.

The retention time measurements with pulses of fructose,
dextran T6, and dextran T9 injected into an eluent containing
fructose were used to calculate the local slopes of the binary
equilibrium relations dqf /dcg, dg¥s/dcys, and dg¥/dcry ac-
cording to Eq. 1. No density correction was applied since, as
shown in the appendix, the density correction factor is in fact
close to unity under the experimental conditions employed in
this study. The calculated dg} /dc; values were plotted against
the fructose concentration, as shown in Figure 2. The relation-
ship is essentially linear for each solute and the best fit lines
were found by the method of least squares. Hence, according to
Eq. 6 with m; = 1 for a linear fit, the intercept and the slope of
the plot for fructose yield &, and 24, respectively. Similarly,
the parameters kg, Brer, k1o, and Broe were determined from
the intercepts and the slopes of the plots for dextran T6 and dex-
tran T9 in Figure 2, respectively, according to Eq. 18 with both
nrer and nrop set to one. Figures 3 and 4 show the dg ¥ /dc; values
for the three solutes plotted against dextran T6 and dextran T9
concentrations. The data in both figures, showing curvature in
the low concentration range, were fitted according to the equi-
librium relations of Egs. 6, 17, and 18 as follows:

1. Pulses of a solute injected into a base solution containing
the same solute.

Table 2. Ternary Systems Composed from the Three Components

Concentration of

Solutes I and 2 Solutes 1 and 2 Injected
System in Eluent g/cm’ Component
I Fructose/dextran T6 0.29/0.145 Fructose/dextran T6
il Fructose/dextran T9 0.29/0.145 Fructose/dextran T9
111 Dextran T6/dextran T9 0.1/0.1 Dextran T6/dextran T9
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T6 (Figure 3) and dextran T9 injected into a base solution con-
taining dextran T9 (Figure 4) were plotted according to Eq. 21,
as shown in Figure S. The slopes of these linear plots yield m
and m, directly while the intercepts give Are and Aqg.

[I. Pulses of a solute injected into a base solution containing
a different solute.

The equilibrium relations for these cases are represented by
Eq. 17 or 18. Using the same approach as in [ above, the data for
fructose and dextran T9 injected into a base solution of dextran
T6, as shown in Figure 3, were analyzed according to the follow-
ing equation:

da*
in (% - k,) — 10 Brrg + Myrg In Cre 2)
Ci

while the data for fructose and dextran T6 injected into a base
solution of dextran T9, as shown in Figure 4, were analyzed
according to Eq. 23:

da*
In (5*‘* - k,-) =In By + nmolncpg (23)
C;

Table 3 summarizes the equilibrium parameters for each sol-
ute. Using the equilibrium parameters derived from the binary
data, the retention times for fructose and dextran T6 in an aque-
ous ternary solution containing 0.29 g/cm? fructose and 0.145
g/cm’ dextran T6 (system I in Table 2) were calculated accord-
ing to Eqs. 710 and 13-15. These values are compared in Table
4 with the experimentally measured retention times for this
solution. The same procedure was used for the fructose—dextran
T9-water system (system Il in Table 2) and for the dextran T6-
dextran T9--water system (system [II in Table 2). In all three
cases there is good agreement between the predicted and mea-
sured retention times, confirming that the equilibrium data for
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Figure 5. Plots for dextran T6 and dextran T9 according
to Eq. 21.
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Table 3. Equilibrium Relations for Fructose, Dextran T6, and

Dextran T9
Eluent Injected Equilibrium Correlation
Medium  Component Relation Coefficient
qr
Fructose Fructose o = ke + Arce 0.9932
=0.575 + 0.122 ¢¢
qTe
Dextran T6 .~ ko + Brerce 0.9710
=0.317 + 0.155 ¢¢
A9
Dextran T9 . ~ Kt % Brrcr 0.9821
=0.238 + 0.163 ¢¢
qr e
Dextran T6  Fructose o = ke + Brrec1d" 0.9960
~0.575 + 0.399 2%
qre v
Dextran T6 o, ~ K16 Amec 0.9840
~0.317 + 0.363 c¥*
qro _ AToT
DextranT9 ., ~ km + Bromsee 0.9697
= 0.238 + 0.592 3
qF — TS
Dextran T9  Fructose o ke + BeroctS 0.9979
- 0.575 + 0.428 3"
qT6 - 6T9
Dextran T6 .~ ke + Brerocty 0.9978
- 0.317 + 0.816 &%
479 -
Dextran T9 ,, ~ Kmo + Anci’ 0.9862

Cry
= 0.238 + 0.521 5%

the ternary system conform to the predictions derived from the
binary data.

The results shown in Table 3 indicate that the distribution
coefficients for the three components increase with increasing
bulk phase concentration but the rate of change is larger for the
two dextran species than for fructose (A and Ay > Ag). Since
changes in the solution density are modest, the concentration
dependence of the distribution coefficient must arise from either
sorbate-sorbate or sorbate-pore wall interactions (Anderson and
Brannon, 1981; Glandt, 1981). Such effects may be expected to
be more pronounced for dextran, a flexible polymer, than for
fructose, a comparatively compact and rigid molecule (Brannon
and Anderson, 1982). On that basis the observed difference in

Table 4. Theoretical and Experimental Retention Times for
the Ternary Systems (Table 2)

Retention Time,* min.

Ternary Injected
System Component Theory Exp.
I Fructose 75.43 75.21
Dextran T6 65.02 66.61
11 Fructose 78.63 77.17
Dextran T9 65.48 67.09
1 Dextran T6 74.06 73.33
Dextran T9 63.30 63.73

Eluent fiow rate, 0.3 cm®/min
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behavior is qualitatively understandable although there exists
no proper basis for quantitative predictions.

Conclusions

Chromatographic retention time measurements provide a
simple and straightforward means of determining binary ad-
sorption equilibria but this approach cannot be directly ex-
tended to ternary and multicomponent system since, in such sys-
tems, the key derivatives dg ¥ /dc; depend on the concentration
changes for all components. A partial solution to this problem
has been developed here based on the assumption that the sor-
bate—sorbate interactions in the ternary are the same as in the
constituent binaries. The validity of this assumption is then con-
firmed by comparing, for a limited number of compositions, the
predicted and measured retention times in the ternary system. If
there is agreement, as found in the present study for the fruc-
tose—dextran T6, fructose—dextran T9, and dextran T6-dextran
T9 systems, one may have some confidence in using the predic-
tions from the binary data over a wide range of ternary composi-
tions. However, the approach is obviously restricted to cases in
which ternary interaction effects can be neglected and it pro-
vides no information as to how to proceed in instances where the
predicted and measured retention times in the ternary do not
agree. Nevertheless, the much higher statistical weight of
binary interactions relative to three-body interactions ensures
that in most practical systems this approach will be successful
since the binary interactions are normally dominant.

Notation

A = equilibrium parameter, Eq. 6

B = equilibrium parameter, Egs. 11, 12, cm3/g

¢ = solute concentration in bulk phase, g/cm’

k = equilibrium parameter, Egs. 6, 11, 12

K = distribution coefficient

L = packed length of column, cm
m = equilibrium parameter, Eq. 6

n = equilibrium parameter, Eqs. 11, 12

g = solute concentration based on particle volume, g/cm’
t = time, s

u = superficial fluid velocity, cm/s

v = interstitial fluid velocity, cm/s

x = solute mass fraction in bulk phase
x' = small change in solute mass fraction about an initially established

equilibrium composition

X = equilibrium solute mass fraction in bulk phase

y = solute mass fraction in pore

z = axial distance, cm

1

Greek letters

a = density correction factor, Eq. A19
B=(l -0/

€ = voidage of packed bed

¢, — particle porosity

p = solution density of bulk phase, g/cm’
p' = solution density in pore, g/cm’

w = velocity of equilibrium front, cm/s

Superscript

* = equilibrium value

Subscripts

F = fructose
i = fructose, dextran T6, or dextran T9
s = solvent

T6 = dextran T6

T9 = dextran T9
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Appendix

The fundamental differential mass balance equation for an
element of a chromatographic column with plug flow (dispersed
plug flow model leads to similar results) is:

de; duv ¢

aq;
G —
o0z Jz

— +B—= Al
at ot (AD)
where 8 == (1 — ¢)/e.

[t is convenient to recast Eq. Al in terms of mass fraction and
solution density when the density varies with the mass fraction.

Ci = pX; (A2)
g = p'yie, (A3)
a dp dx;, 9 dp dx; dp’ dp’ dy,
Op _dpdx o _dpdx 0" Sy,
9z  dx; 0z ot dx; ot at  dy, ot
Substitution of Eqs. A2-A4 in Eq. Al yields:
dp\ dx; dv N N dp\ dx;
? — y e | ——
G e il LR b b »
dp’\ dy;
! — =0 (AS
+ Be (p i )az (A3)

For an aqueous system such as fructose—~water or dextran—water
one has an equation of this form for both the solute and the sol-
vent. The subsequent development outlined here is based on the
dextran T9-water system.

v <p + Xro diig) agzw + pr.,% + (p + Xpo %‘;) 0;:9
4 Bep( e ;i’;) agt” ~0 (A6)
dp\ dx, dv do\ ax
v(p + X, d—rs)g + pxsg + (p + X, K) Y
+ Be, (p’ o gi) %‘;3 -0 (A7)

Multiplying Eq. A6 by (1 — xq¢) and Eq. A7 by xyo (rewriting
Eq. 7 in terms of xy and yyo using X9 + X, = l and ypy + ¥, =
1), subtracting we obtain:

ang (’L\T
vp 9z t+p ® + Be, 0" + (P10 — X1q)

=0 (A8)

dp’ a,VTe
at

dyry

tor small changes, x’, about an initially established equilibrium
composition, xre, Eq. A8 becomes:

Yo P TP

ax’  ox’ I:p' _0 (A9)

4 (i — Xro) dp’ s
P P dyrs] Ot
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The equilibrium relationship may be taken to be linear for small
changes in composition:

(A10)

* dyt
dXro

YTo = ——-) X 19 + constant

To obtain the velocity of the equilibrium concentration front we
put:

%: dyty 0XT9_ dyt % (A11)
at dXye) Ot dXro) Ot
which gives
ax’ x| ! % — Xxo) dp’ | dy¥
SRR A 0 LA S s DA KA A SNION TS
CEN p p dyry)d X

Equation A12 has the form of the kinematic wave equation. The
velocity with which the concentration front propagates through
the column is given by:

v

(¥l — Xr9) dP'J d)ﬁ%}
4 dyrs | dXrg

(A13)

‘1 + Bep{%’ +

The variation of the dextran T9 solution density with mass frac-
tion in the range of 0 to 40 wt.% was measured with a digital
density meter (model no. DMA46, Anton Paar KG, Graz/Aus-
tria). Linear regression gives the following equation:

porp’ = 0.9933 + 0.4292 (xo OT Prs) (A14)

Using Eq. Al4 we can express concentrations (cro and gyo) in
terms of mass fractions:

19 = pXre = 0.9933 x19 + 0.4292 x3, (A15)

gro = p'yreep = (0.9933 yry + 0.4292 yTs)e,  (A16)

Putting x, = Xy and differentiating Eqs. A15 and A16 we
get:

dy},  dgt (0.9933 + 0.8584XT9)

" dXry  ders \0.9933 + 0.8584p%,

(A17)
Substitution of Eq. A17 in Eq. A13 yields:

- (A18)
(1 + o3 dats )

derg
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Table 5. Estimated Values of Density Correction Factors
ap, orrgs and g

JL yE QaE Vs 16 Y g
0.1 0.0908 0.9997 0.0170 09972 0.0599 0.9979
0.2 0.1861 0.9991 0.1488 09970 0.1439  0.9966
0.3 0.2860 09995  0.2269 0.9942  0.2450 0.9955
04 03904 09990 0.3483 0.9952  0.3600 0.9961

where

{p'w s (¥ — Xpo) @} (0.9933 + 0.8584.X7,

(A19)
dyr[10.9933 + 0 .8584y,

P19 P19

The mean retention time is thus given by:
L dq¥.
o= (1 + ag ﬂ) (20)

v derg

In order to estimate the density correction factors ey (Eq.
A19) in the dextran T9-water system, we first estimate the
adsorbed phase mass fraction yq. The dgro/dcrg vs. c1o plot, Fig-
ure 4, gives the following equation with the assumption of o =
1:

a1 _ 0.238 + 0.521 955

Cry

(A21)

Using Eqgs. A15, A16, and A21 we can estimate y§; for known
values of xg,. The estimated values of ayg are tabulated in Table
5. The values of af and aq¢ in Table 5 were estimated using the
approach outlined above.
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